Exotic non-Abelian quasiparticles are believed to occur in certain fractional quantum Hall (FQH) states when effective three-body correlations form between spin-polarized electrons in the first excited Landau level. Inspired by recent observations of exotic physics from Floquet engineering, we investigate periodic driving of anisotropic two-body interactions as an alternative route for realizing robust non-Abelian multicomponent FQH states. We develop an analytic formalism to describe this Floquet FQH protocol, which is distinct from previous proposals that modulate single-body hoppings for bandstructure engineering. Our Floquet mechanism is shown to lead to highly-tunable threebody interactions that can be repulsive as well as attractive. We systematically analyze the resulting interactions with generalized pseudopotentials, and numerically demonstrate that they support a variety of non-Abelian multicomponent FQH phases. Finally, we propose a realistic implementation of our Floquet mechanism in optically dressed ultracold polar molecules with modulated Rabi frequencies.
Topological phases of matter exhibit enticing prospects for the fractionalization of statistics [1] [2] [3] , which in particular can give rise to quasiparticles with non-Abelian braiding properties [4] [5] [6] useful for fault-tolerant quantum computation [7, 8] . In 2D electronic systems, this intriguing phenomenon can arise from a subtle interplay between the Coulomb interaction, Landau level quantization and complete spin polarization [9] , as indirectly suggested by the observation of even-denominator FQH plateaus in semiconductors [10] and more recently in bilayer graphene [11, 12] . These unexpected quantized plateaus are theoretically explained by the adiabatic continuity [13] [14] [15] between the underlying gapped manyelectron state and the ground state of a model Hamiltonian that contains 3-body interactions between electrons [16, 17] . This special interaction condenses the electrons into a strongly-correlated quantum state in which they fractionalize into non-Abelian Ising anyons [4] . More general, multi-body interactions are theoretically anticipated to lead to other types of exotic anyons [18] [19] [20] .
In the existing experiments, the effective 3-body interactions are primarily generated by Coulomb interactions and virtual excitations to neighboring Landau levels (LLs) [21] [22] [23] [24] . Such processes are suppressed by the cyclotron energy ω c = eB mc , which determines the LL splitting in a magnetic field B. Yet, the overall energy scale, which sets the interaction strength, is proportional to e 2 / B , where B = /eB is the magnetic length. Thus, 3-body interactions can be typically enhanced only at the expense of reducing the energy gap, which however weakens the non-Abelian FQH state.
Inspired by recent progress in "Floquet engineering" [25, 26] , we thus propose an alternative approach for realizing the effective 3-body FQH interactions, and hence robust non-Abelian phases, through periodic time modulation of physical 2-body interactions. Unlike existing theoretical works [27] [28] [29] and experiments [30] which modulate onsite 2-body interactions for interesting tunneling phenomena and Mott and superfluid phases, our approach involves modulated repulsions between spatially separated electrons. Also unlike previous Floquet proposals [31] [32] [33] and experiments [34] on topological band engineering, we keep the (single-body) kinetic terms static, and instead modulate the (2-body) interactions. Key to our framework is the non-commutativity of the GirvinMacDonald-Platzman (GMP) algebra [35, 36] , which governs the LL-projected density operators. At high frequencies, this algebra generically produces a rich set of many-body interactions with energy scales proportional to the inverse driving frequency, but importantly not the LL gap. In particular, the desired 3-body interactions between multicomponent degrees of freedom (spins) can be engineered from realistic time-modulated 2-body interactions.
Our Floquet FQH protocol, with its novel 3-body interactions, is naturally suited for stabilizing the elusive multicomponent non-Abelian phases like the "111-permanent" [4, 37] and "interlayer Pfaffian" [38, 39] states, as we numerically demonstrate. With the ability to generate attractive interactions, our approach can be further tuned to suppress certain undesirable repulsive terms. Relying only on the general properties of the GMP algebra, our mechanism is applicable to generic anisotropic FQH systems with large LL/band gaps. For a concrete illustration, we propose a realistic implementation with ultracold molecules optically dressed with modulated Rabi frequencies, whose static version was previously established to host fractional Chern insulator (FCI) states [40] .
Two key inspirations: -(i) A defining feature of both lattice [41] and continuum [35] FQH systems is the GMP algebra
obeyed by the density operatorsρ ab Π σ j,b denotes the guidingcenter coordinate (a = x, y) of the j-th electron with spin σ [9] .
ab is the antisymmetric tensor and Einstein summation is implied. Due to their dependence on the canonical momentum Π σ,a j = q σ,a j − eA a , the guiding centers are different from the physical electron coordinates r σ j , and particularly R σ,x j , R σ,y j do not commute. By repeated applications of the commutators, it can be seen that the GMP algebra produces (2N − 1)-body terms from the commutator of two N -body terms. In particular, the commutator of two 2-body terms yields a desirable 3-body term, which will be the basis of our Floquet FQH approach.
(ii) At high frequencies Ω = 2π/T , the stroboscopic dynamics of a periodically-driven system H(t) = l e ilΩt H l can be captured by the static effective Hamiltonian
obtained, e.g., from the Magnus or other equivalent highfrequency expansions [26, 42, 43] . Most saliently, Eq. (2) involves commutators which represent the renormalizing effects of the drive on the interactions. Thus, we see that dynamically modulating a FQH system is a natural way to realize higher-body interaction terms, see Fig. 1 
(a).
Floquet FQH system -We consider periodically driving a FQH system such that its single-body term remains static, but its two-body density-density interaction term is time-modulated:
with H nonint =
2m
i,σ g ab Π σ a,i Π σ b,i describing free electrons in a magnetic field B = ab ∂ a A b . Anisotropy (e.g., from the band mass [44, 45] ) is encoded in the metric tensor g ab . We characterize the 2-body interaction H int (t) with its Fourier harmonics V l and their momentum-space profiles V σσ ,l (q):
Let us comment on the energetics of the setup behind Eq. (3). There are three relevant energy scales: (i) the cyclotron frequency ω c , set by the single-body term H nonint , (ii) the driving frequency Ω, and (iii) the typical local interaction strength v, given by the averaged |V l (q)|. The cyclotron frequency splits the Hilbert space into energetically separated LLs, while the dynamically modulated interaction connects LLs with amplitude v, whilst simultaneously allowing energy to be absorbed or emitted in multiples of Ω. To achieve interesting physics, we consider smooth (strictly low-harmonic) driving obeying the energy scale hierarchy ω c Ω v, i.e., with driving being "high frequency" compared to v but not ω c (Fig. 1b) .
The above considerations allow us to derive an effective static description of the system at stroboscopic times, such that there is approximate energy conservation and therefore an effective ground state that lasts for a long time [46] . To see this, note that LL mixing is suppressed due to the large LL gaps, high frequency driving and absence of high order harmonics. Hence we can derive via a generalized Schrieffer-Wolff transformation an effective dynamical description of the system within each LL [47] :
where H nonint drops out as an irrelevant constant.
With the effective dynamical Hamiltonian in Eq. (5), we can further employ the expansion in Eq. (2) to obtain an effective static description H eff of the system within the lowest LL. This description persists up to the exponentially long heating timescale t h ∼ v e const.×Ω/v [48] [49] [50] , which is at least of the order of years for the coldatom setup in Fig. 3 below. Only beyond this timescale, which is far longer than required for our measurements, will heating effects due to the interactions become significant.
We next obtain H ef f corresponding to a single driving frequency Ω. From Eqs. (2) and (5), we have
. Using Eq. (1), and after some commutator algrebra [47] , we obtain H eff ≈ H 2b + H 3b , where the 2-body term H 2b is the original static profile V 0 modified by an operator ordering correction [47] , and the emergent effective 3-body term is given by
where we have introduced the notation Im
, and set B = 1. Our key result is the novel 3-body interaction in Eq. (6), which is made up of products of Fourier components V σσ (q) of the original interaction, cf. Fig. 1(a) . Due to the Im − , this 3-body interaction survives only if V σσ (q) (and index permutations) are complex, i.e., only if the system has broken inversion symmetry, and phase differences exist between the modulations of different Hubbard terms. Consequently, H 3b is non-zero only in multicomponent anisotropic FQH systems like fractional Chern insulators (FCIs) with multiatomic unit cells. This peculiar component dependence makes our Floquet approach particularly suited for engineering multicomponent FQH parent Hamiltonians. Furthermore, H eff is not constrained to be repulsive, and could be used to cancel other unwanted repulsive interaction terms.
Pseudopotential analysis -Next, we provide a more transparent picture of the interaction processes and possible ground states allowed by Eq. (6). Typically, FQH states are classified by how fast the wavefunction vanishes as particles are brought together. For example, the
m , vanishes as the m th -power as two electrons are brought together, where m is also the relative angular momentum quantum number. More generally, for an N -body anisotropic multicomponent interaction, the basis states take the form | m, λ , where { m} is a set of N − 1 independent angular momentum numbers and λ indicates the symmetry type corresponding to a specific Young Tableau [51] [52] [53] (further elaborated in [47] ).
In the | m, λ basis, a generic interaction profile V {q} in the LL-projected Hilbert space can be expanded as [54, 55] 
where {q} U [9, 56] . But recently, generalized PPs with m = m were also developed [57, 58] to describe anisotropic FQH systems, e.g., multicomponent FCIs.
For illustration, Fig. 1(c) shows the ratios c (0,m3) /c (0,1) of PP coefficients in our 3-body effective interaction H 3b (Eq. (6)) due to a minimal model of driven 2-body interaction V q with anisotropic dynamical part consisting of the lowest generalized PPs:
where ± denotes the two inequivalent orientations of the PPs [47] . We have dropped the irrelevant isotropic and small |m−m | > 2 parts. As seen in Fig. 1(c) , the 3-body PPs are generally favored by large 2-body U ± 2,4 (large ζ ± ), except for 3-body PP U (0,4) which is slightly penalized when ζ + , ζ − are either both large or small. Notably, the 3-body PP ratios are independent of the values of v ± , which only affects the orientation of the interaction.
Examples of Floquet engineered phases -To demonstrate the versatility of our Floquet approach, we now show two very different examples of exotic FQH states that it naturally stabilizes: the interlayer Pfaffian (iPf) state [38, 39] and the ν = 1 permanent state ("111-perm") introduced in Ref. 4 (see also Ref. 37) . The iPf state is a gapped state at filling factor ν = 2/3 which supports non-Abelian Ising anyons, and displays spincharge separation [59] [60] [61] [62] . By contrast, the 111-perm state is a gapless non-Abelian state which represents a critical point between the ν = 1 quantum Hall ferromagnet and a paramagnet [17] . Intriguingly, like other gapless FQH states [63, 64] , the 111-perm is associated with a non-unitary conformal field theory [4] . Potential experimental realizations of such states would allow the investigations of new aspects of quantum criticality and bulk-boundary correspondence in gapless topological states [65] . Since our Floquet approach naturally gives rise to a 3-body interaction between particles with opposite spins, it is well-suited for stabilizing both the iPf and 111-perm states.
The parent Hamiltonian of the iPf state [66] is a sum of 3-body PP interactions U [2, 1] m=1 , U [2, 1] m=2 and U see Refs. 67-71 for alternative mechanisms) and contains additional 2-body contributions. Yet, despite these differences, our Floquet Hamiltonian can still stabilize the iPf state, as suggested by the ground state phase diagram of Fig. 2(a) . With an interaction consisting of dominant m = 1 and m = 2 three-body S = 1/2 PPs from our 3-body Floquet FQH interaction (Eq. (6)) as well as various 2-body PPs, it can be seen that the ground state overlap with the iPf state remains very high over a wide parameter space of possible 2-body contributions. Indeed, in the large yellow region where the corrections from 2-body PPs satisfy c 3 ≈ 2c 5 , the overlap is consistently above 90% between the iPf state and the ground state of the Hamiltonian contain 3-body S = 1/2 interactions with m = 1, 2 and general U 1 = 1, U 3 and U 5 2-body PPs. Note that the magnitude of three-body PPs can be arbitrary (in Fig. 2 it was fixed to 1), as long as it larger than that of 2-body PPs. The maximum overlap (dashed line) even reaches 97% at c 3 /c 1 = 0.7. Finite-size extrapolation of the gap at c 3 = 0.7, c 5 = 0.3 yields a finite value of order O(1) in the thermodynamic limit [47] .
Our Floquet approach is even better suited for the 111-perm state, which crucially relies on a strong U (S = 1/2, m = 1) PP [37, 53] that dominates H eff . In Fig. 2(b) , we show that 111-perm is stable under a broad range of 2-body PPs. Maximum stability is obtained for c 0 ≈ 3c 1 , for which the overlap (dashed line) is above 99% in the given finite system. Moreover, system-size scaling shows that the neutral gap vanishes for these values of PPs [47] , consistent with the gapless single-magnon spectrum [37] . At appropriate filling, H eff with its tail of higher PPs may also stabilize the 221-permanent state [53, 72] in the bosonic system proposed next.
Dipolar spin realization-We now provide a concrete realization of our Floquet 3-body interaction in FCIs, which are lattice-based FQH systems [73] [74] [75] [76] [77] [78] [79] that nat- For all purposes, the 2nd harmonic contribution can be neglected. In the "optimal" regime (shaded) 1.5 η 4, the energy scales obey the required hierarchy v Ω ωc.
urally possess the requisite large anisotropy, nontrivial unit cell structure and tunable interactions [40, [80] [81] [82] [83] .
Consider an FCI of optically driven dipolar spins, realized by trapped dipolar molecules in an optical lattice. Each molecule possesses a rovibrational ground state | ↓ = |0, 0 and three next-lowest J = 1 states (|1, 0 and |1, ±1 ), which are optically dressed to form a single 'dark' state | ↑ = s|1, −1 + v|1, 1 + w|1, 0 , where s, v and w are rational functions of the Rabi frequencies associated with the optical driving [40, 47] . The | ↑ , | ↓ states form the effective spin degrees of freedom, which are conserved when the molecules are sufficiently separated such that the physical dipole-dipole interaction between them is much weaker than the bare rotational energy (approximately the Zeeman splitting). In this case, the dipole interaction, together with a strong applied DC field that determines the quantization axis and orbital mixing, is effectively described by a bosonic hardcore lattice Hamiltonian which can be tuned to host FCI states [40] :
Both the effective hopping t ij and Hubbard strength V ij originate from the same physical dipole interaction, and can be independently tuned through E field and the Rabi parameters s, v, w.
By appropriately modulating the Rabi parameters, it is possible to keep t ij static while V ij is made timedependent. For an FCI with 2 components A, B, we propose to achieve this by dynamically modulating the Rabi parameters according to
where Ω = Ω 2 − Ω 1 sets the driving frequency, and
, with Λ a real tuning parameter and d 01 = 1, ±1|d z |0, 0 , d 00 = 1, 0|d z |0, 0 dipole transition matrix elements that depend on the applied E field. The Rabi parameter magnitudes shall be chosen to optimize the band flatness of the resultant tight-binding FCI Hamiltonian [47] , leaving a dynamic 2-body interaction with a single free parameter η = 2EId 2 , the ratio of the molecular dipole energy Ed to its rotational energy scale 2 2I , I its moment of inertia. Coefficients of various 2-body PPs are plotted as a function of η ∈ (0, 8] in Fig. 3(a) . Interactions between A and B sites (purple) dominate for most η. For very small η, the interaction is mostly dynamical, and its rapid sign fluctuations may destabilize the Floquet ground state. The relevant energy scales are shown in Fig. 3(b) . In the "optimal" regime of 1.5 η 4, the single-body hoppings (and hence gap) are one to two orders larger than the interaction, thereby satisfying the requisite energy scale hierachy v Ω ω c . At the same time, the static interaction is still larger than the dynamic part, thereby likely resulting in the most stable ground states.
Conclusion-We have proposed an approach for generating multicomponent 3-body FQH interactions [Eq. (6)] by driving anisotropic 2-body interactions with inhomogeneous phase offsets. The approach is valid in the regime v Ω ω c , and yields the effective 3-body interaction whose magnitude scales like Ω −1 , instead of ω −1 c generated by LL mixing. Our proposal can be realized, e.g., in a Floquet FCI of optically dressed dipolar molecules, with time-reversal broken from the asymmetry between the left and right-circularly polarized optical driving. Finally, we have shown that our approach provides a new route for the exploration of both gapped and gapless multicomponent non-Abelian FQH states.
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Supplemental Online Material for "Floquet Mechanism for Non-Abelian Fractional Quantum Hall States"
This supplementary contains the following material arranged by sections:
1. We provide a rigorous treatment of the generalized Schrieffer-Wolff transformation that projects operators onto the LLL before they are high-frequency expanded.
2. We detail and distinguish between the stroboscopic Floquet Hamiltonian and the effective Hamiltonian, and derive the explicit expression for our 3-body effective interaction (Eq. 6 of the main text) through the Magnus expansion.
3. Next we give a pedagogical overview of many-body pseudopotentials, followed by detailed PP decompositions of the effective Floquet Hamiltonians considered in the main text. These derivations are supplemented by numerical expressions and further illustrative examples.
4. We provide details of the numerical diagonalization of the PPs presented in the main text.
5. Finally, we detail the dipolar molecule realization of our Floquet approach. We start by reviewing the physical setup, which is then followed by details on how to dynamically modulate the interaction without modulating the single-body part. With that, we discuss our illustrative flatband FCI model and the important role of η, the tunable ratio between the rotational energy scale and the dipolar energy.
I. DERIVATION OF EFFECTIVE HAMILTONIANS WITHIN LANDAU LEVELS
In this section, we derive an effective, time-dependent Hamiltonian for a periodically driven QH system that is diagonal within Landau levels (LL) and valid at large cylcotron frequencies ω c Ω v ( = 1) for smooth driving protocols. The intuition here is that the large cyclotron gap and low harmonics of the drive suppress inter-LL processes; thus, this effective Hamiltonian can be thought of as a generalized Schrieffer-Wolff transformation that integrates out such processes. It is on this effective Hamiltonian which is diagonal in the LLs that we can then further employ the Magnus expansion (or other high-frequency expansions) to derive yet another effective Hamiltonian (also within each LL) which is now time-independent. As discussed in the main text, this is the Hamiltonian whose effective ground state properties are what we are interested in.
Let us recall the driven quantum Hall setup. It is of the form
with
In writing the interaction term, we have split the density operators into a part that acts within a LL, and a part that moves a particle between LLs (energetically separated by ω c ). The latter is given by bosonic operators a, a † , obtained from diagonalizing the single-particle Hamiltonian, while the former part is defined by the guiding centers R σ i , which were introduced in the main text [84] . Moreover, we have defined q ≡ q x + iq y (with q 2 == |q| 2 ) and introduced
The effective form factors (resulting from scattering between LLs) are given by [84] 
In what follows, let us assume that the driving V σ,σ (q, t) is at frequency Ω = 2π/T and is smooth, i.e. contains only strictly low harmonics. We also assume the hierarchy of energy scales that is considered in the main text, ω c Ω v. We begin by rewriting the Hamiltonian as
S2 where the energy scale ω c has been pulled out and the terms (h, v(t)) in the parenthesis correspond to H nonint /ω c , H int (t)/ω c . We are interested in the unitary time evolution operator
In particular, we would like to understand the properties of the Floquet operator U F ≡ U (T ), which is a dynamical map from t → t + T where t = T Z.
Consider the following decomposition of U (t) as
where we have yet to define Q(t) aside from the fact that we demand it to be time-periodic and unitary, i.e. Q(t) = Q(t + 2π/Ω) and QQ † = 1. With this decomposition, at stroboscopic times,
, so the rotation Q(0) can be regarded as static. If it is small (as we will pick it to be in what follows), then for the purposes of measuring local observables, the effect of Q(0) can be ignored -it is just a small change of frame. Thus, the desired physics is captured solely inŨ (t).
It is straightforward to check thatŨ (t) obeys the equation of motion
defines a rotated, effective (potentially dynamical) Hamiltonian in this new frame. Since Q(t) is time-periodic,h(t) is as well. We will choose Q(t) such that the effective Hamiltonian h (t) is diagonal in LLs. To that end, it will be useful for us to define symmetrization and antisymmetrization operations . and {.} respectively, which make any operator diagonal or off-diagonal in LLs respectively. The symmetrization operator o on an operator o is defined by
and the antisymmetrization operator by {o} = o − o. Thus, we can decompose any operator o(t) (even a timedependent one) into
Inverse cyclotron frequency expansion
Because of the large energy scale ω c , we are naturally led to consider the expansion of Q(t) as one in powers of the inverse cyclotron frequency, i.e.
where we implicitly assume that the local norm of
Note that this expansion is not the Magnus expansion, which is a high frequency expansion in the driving frequency Ω. Instead it should be viewed as a generalized Schrieffer-Wolff transformation.
Using (S10), we can write down the general structure of h (t) as
S3
where the local norm of
and for p ≥ 2,
, Y an arbitrary function. We can rewrite the above as
where g (p) (t) is defined to be the term in the square brackets in Eq. (S13). Notice that g (p) (t) is comprised solely of nested commutators of S k (t) with h 0 and v(t) for k < p. Thus, we can choose S p (t) recursively to cancel out LL-transitioning terms at that order, i.e. we choose S p (t) such that the following holds:
The explicit solution can be written in Fourier space, where l p corresponds to the Fourier modes:
where | n = |(n 1 , n 2 , n 3 · · · ) is the many-particle state corresponding to particle i being in the n i -th LL, and
lp } is off-diagonal in LL, ∆ ≥ 1. With the relation (S15), this then defines the resulting effective Hamiltonian
which is periodic in time and diagonal in LLs. Note that
, which is indeed diagonal in LLs.
Validity of expansion
One might inquire about the validity of the expansion. Essentially, we need that our basic assumption, that S p can be organized in inverse powers of the cyclotron freqency,
, is consistent with our solution. Or, in other words, we need to check that the expressions for S p (t) are asymptotically controlled by the small factor 1/ω c .
If we assume our drive is smooth, i.e. has only strictly low harmonics to begin with, then this is indeed true. Consider the cleanest case of a harmonic drive such as a pure cosine drive: for example V σ,σ (q, t) ∼ cos(Ωt), which means that the Fourier harmonics are only l = ±1. Then it can be seen readily from Eqns. (S13), (S15) that S p (t) contains harmonics only from −p to p, i.e.
S4 which can be shown by induction. Thus, a possible offending term that might invalidate the assumption of the expansion, such as ∂t ωc S q−1 (t) in Eqn. (S15) which ∝ p lp=−p lpΩ ωc S p,lp e ilpΩt , is controlled, because the factor l p is always finite for finite p. Conversely, if we had taken a non-smooth drive (for example a step function, containing infinite harmonics), then we would quickly see that the expansion fails to make sense because lpΩ ωc cannot be viewed as 'small' if l p can be infinite. Physically, the origin of this phenomenon is simple: if driving were non-smooth, then the driving field can potentially give or take any multiple m of the frequency Ω so that the large cyclotron gap ω c can be made effectively small ω c → (ω c − mΩ) ω c so that direct transitions due to the inter-LL mixing terms can occur; conversely, if the driving were smooth, then m is always finite and such direct transitions never occur.
Thus, for smooth driving, the expansion Eqn. (S17) can formally be carried out to all orders and the only relevant terms that survive in the limit ω c → ∞ are
as asserted in the main text.
II. MAGNUS EXPANSION OF A TIME-MODULATED HUBBARD INTERACTION
Here we detail the Magnus expansion leading to Eq. 7 of the main text. Upon integrating out a period T of the unitary time evolution perator, the (stroboscopic) Floquet Hamiltonian [26] is expanded order-by-order in Ω −1 as
dt [H(t), H(t )] + higher order...
where H l is the l-th Fourier component of the Hamiltonian H, and t 0 is starting phase of a period, also called the Floquet gauge. We have only displayed the leading nontrivial commutator term in the Magnus expansion, discarding higher order terms proportional to 1/Ω 2 or smaller. In general, Eq. S20 depends on t 0 . However, since the oscillations are very rapid compared to experimental timescales, it is desirable to consider a gauge-invariant version of the stroboscopic Floquet Hamiltonian known as the effective Hamiltonian is also known as the fast-motion unitary operator, which relates the unitary time evolution of the Floquet Hamiltonian with the original periodic Hamiltonian. The effective Hamiltonian has a Magnus expansion [26] 
which, at leading nontrivial order, can be simply obtained from the stroboscopic Floquet Hamiltonian H F [t 0 ] by truncating the terms containing t 0 . Henceforth, we shall perform our following derivations based on H eff , with results for H F [t 0 ] at leading order obtainable simply by replacing H l → H l − e ∓ilΩt0 H 0 (c.f. Eq. S20). We now specialize to the Laudau level (LL) projected Hamiltonian for a chosen l:
Here we assume that the bare density operators can be simply replaced by their projected versions, as we argued in the previous Section of this supplement starting from the Schrieffer-Wolff transform. Sinceρ α q andρ β −q always commute, we necessarily have V αβ,n (q) = V βα,n (−q). Furthermore, since FQH interactions should give real energy S5 penalties, H −n must be given by q V * αβ,−n (−q)ρ α qρ β −q , i.e. with exponentials of time, but not momentum, being complex conjugated. Due to the GMP algebra (Eq. 1 of the main text)
obeyed by the projected density operators (with magnetic length B set to unity), the leading order Magnus expansion will give rise to a 3-body interaction in H eff as follows:
with the emergent three-body contribution H 3b [Eq. (7) in main text] given by
and the two-body contributions H 2b given by the original static 2-body term plus the residual two-body terms:
where we have introduced Im − f (q, q ) ≡ (f (q, q ) − f * (−q, −q ))/(2i). In deriving Eqs. (S25-S26), we have made use of the commutator identity
and have explicitly symmetrized the summand according to the following rule
As we can see, the density algebra produces residual 2-body terms that we absorb into the original static 2-body contributions. The nontrivial Magnus expansion contributions to H eff in Eq. S25 will be simplified for a 2-component system in the following section. Note that since [H l , H −l ] is manifestly invariant under a global phase rotation H l → e iφ H l , H −l → e −iφ H −l , the effective Hamiltonian is rightly unaffected by a physically irrelevant phase offset of the driving field. To obtain the stroboscopic Floquet Hamiltonian, which does depend on a phase offset t 0 , one simply replaces V αβ with that of H l − e −ilΩt0 H 0 .
III. PSEUDOPOTENTIALS FOR THE TIME-MODULATED AND EFFECTIVE INTERACTIONS

General overview
A quantum Hall (QH) system has its kinetic energy quenched by the flat LLs, causing particles to move around each other in peculiar ways due to an inter-particle potential (ordinarily particles will just fly apart upon repulsion, but in S6 a QH system they are not allowed to accelerate from each other due to the quenched kinetic energy). A great deal of insight into LL physics can be gleaned from the projection of the interaction onto certain chosen sectors of relative angular momentum between small clusters of particles. The coefficients of this projection are the pseudopotential (PP) coefficients. In particular, certain PPs constitute the parent Hamiltonians of well-known fractional QH (FQH) states: for instance, the zero-energy ground state of the lowest angular momentum (fermionic) two-body PP is the 1/3 Laughlin state.
The PP coefficients of an N -body operator V in a FQH sytem are given by
where |m 1 , ..., m N are many-body states with angular momentum numbers m 1 , ..., m N . By convention, m 1 represents the total center of mass angular momentum, which is unimportant for understanding inter-particle physics. One is free to define the m j 's with respect to any sensible (full-rank) set of linear combination of the real-space coordinates of the particles z j = x j − iy j . To do so, we first define new coordinates as detailed in the appendix of Ref. 85 :
where R is a rotation matrix (RR T = R T R = I). We shall let the angular momentum m j be conjugate to the coordinate w j . For instance, with 2 bodies we can have
(z 1 − z 2 ), so that w 1 and w 2 represent the rescaled center-of-mass and relative coordinates respectively. Since the rotation R is orthonormal, we have the normalization j R 2 ij = 1. For 3 bodies, a possible set of orthonormal new coordinates is given by
where w 2 and w 3 have the interpretations of two-body relative separation and total relative separation respectively. Hence m 2 and m 3 will correspond to a two-body angular momentum and the total relative angular momentum, respectively. Since the scalar product k T · z between momentum and position vectors should remain invariant under a rotation,
e. the momentum vector should also transform like k → Rk. From Ref. 85 , we can hence express the PP coefficients in Eq. (S28) as
where V (k 1 , ..., k N ) is the momentum space profile of the interaction. For each j, redefining (Rk) j → k j for notational simplicity, it is well-known that [84] 
where L m is the mth Laguerre polynomial. For multicomponent (but still isotropic) states labeled by their young Tableaux, their wavefunctions consist of a spatial part multiplied by a component(spin) basis, such that the product as a whole obeys fermionic/bosonic anti/symmetry. The spatial parts themselves, however, only need to obey the partial symmetry dictated by the Young Tableau. Hence the components of the PP coefficients of a translation invariant multicomponent interaction U take the form (setting N = 3 for definiteness) c αβγ...
where Greek letters label internal component indices, with the permutations referring to the various possibilities allowed by the Young Tableau. orthogonally oriented (σ = ± refers to the real/imaginary parts rather than the symmetry type here) anisotropic PPs defined via [57] 
with |q| 2 = g ab q a q b , where g is a 2x2 FQH metric [57] . We do not need additional symmetry labels because they are fixed by (fermionic)bosonic (anti)symmetry for N = 2.
Likewise, the 3-body effective interaction V N =3 q,q derived in the main text (assumed isotropic for simplicity) can be PP-expanded with dominant (isotropic) coefficients [85] 
where m = m = (m 2 , m 3 ) are 3-body relative angular momenta, and Q j = (Rk) j are their corresponding rotated momenta from q, q . For instance, for the 3-body basis introduced by Eq. S30, we have (Rk
Exploiting momentum conservation, we rewrite these quantities by relabeling (k 1 , k 2 , k 3 ) by all six permutations of the 3-tuple (q, q −q, −q ), yielding (Rk) 2 = 
(S36)
Evaluation of PP coefficients for the 3-body effective interaction So far, Eq. S36 has been expressed in terms of the internal component indices, with no reference to the partial symmetry type λ. To specialize to a particular symmetry type, we will have to symmetrize across the relevant component subsets. For the [2, 1] symmetry sector relevant to our 3-body effective interaction, we will need to symmetrize over two out of three particles at a time. Replacing V αβγ by our effective interaction from Eq. S25, the last line of Eq. S36 can be simplified as follows:
where
The above expression, which contains a total of 2 2 · 3 2 = 36 terms, gives the right symmetry over all spin and momentum indices. We manifestly have c ααβ (m2,m3) = c αβα (m2,m3) = c βαα (m2,m3) , which together define an unique c [2, 1] (m2,m3) . Note that because the Gaussian and Laguerre polynomial factors in Eq. S36 possess the symmetries q ⇔ q , (q, q ) ⇔ (−q, −q ) and (q x , q x ) ⇔ (q y , q y ), the PP coefficient c [2, 1] (m2,m3) will vanish if the components of V (q) are all even in q. This means that we must have at least two components for the 3-body PPs to be nonzero, since a single-component density-density interaction does not break inversion symmetry and is necessarily even in q.
Two-component systems with sublattice symmetry
To fully exploit the simplifying potential of λ, we now further specialize to two-component systems with sublattice (particle-hole) symmetry, i.e. a bipartite lattice with the components labeling the sites within a unit cell. This is often a physically realistic assumption, unless the lattice is deliberately given a staggered potential. With this symmetry, the only unique physical 2-body potentials are V 12 (q) = V 21 (−q) = W (q) and
. In general, we have V αβ (q) = V βα (−q) because the displacement from α to β is spatially inverted from that of β to α.
The first observation is that the spin(sublattice)-polarized contributions of the effective 3-body potential (Eq. S37) must disappear:
That leaves only the [2, 1] sector to contain non-vanishing PP coefficients:
3-body interaction from 2-body PPs
In order to systematically understand the result Eq. S38, we represent the modulated 2-body interactions by 2-body generalized/anisotropic PPs [57] . With sufficiently many PP terms, we can approximate any interaction respecting magnetic translation symmetry with arbitrary accuracy.
Consider a driven interaction given by H int (t) = e 
where q x + iq y = qe iθ . Comparing with Eq. 10 of the main text, we have made the choice v + = 1, v − = i, which corresponds to picking a particular orientation [57] . As shown later in Eq. S52, changing v ± only modifies the overall results by a scalar prefactor. The terms W 0 (q 2 ), W 2 (q 2 ), W 4 (q 2 ) correspond to the radial (in momentum space) profile of the PP components with ∆m-fold rotational symmetry, with ∆m = 0, 2, 4. As will be evident shortly, only the anisotropic parts W 2 , W 4 can contribute to the effective 3-body interaction. Substituting W (q) in Eq. S38, we obtain
where p = q − q . Only terms even in Θ = θ − θ = cos −1 q·have been explicitly shown, since odd terms evaluate to zero upon integration in Eq. S38. In the penultimate line, we have made the small p, q approximation in view of the Gaussian suppression factor e − 1 2 (p 2 +q 2 ) ; additional justification for this approximation is that the integral in Eq. S38
will introduce a further e −(q 2 +q 2 −q·q ) suppression. Note that only the anisotropic contributions ∆m = 2, 4 appear in U [2, 1] (q, q ). Substituting the previous expression for U [2, 1] (q, q ) into Eq. S38, we obtain the 3-body PP coefficients
In deriving this formula, we have multiplied the integrand by 3 to account for the [q ↔ p] terms, which can be put into identical forms by noticing that q and p = q − q plays identical roles in the Gaussian factor from LLL projection: q 2 +q 2 −q·q = q 2 +p 2 −q·p. We have also made a coordinate transformation dθdθ = 1 2
dΘ, where Θ = θ − θ .
Upon fixing m 2 and m 3 , the Laguerre contributions can be expanded into a linear combination of cos nΘ, n = 0, 1, 2, ..., and the Θ dependence in Eq. S42 can be integrated out via 
where I n is the modified Bessel Function of the first kind.
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Explicit evaluation of the leading order 3-body PP coefficients
For illustration, we detail the evaluation of the first few effective (static) 3-body PPs c [2, 1] (m2,m3) arising from driven 2-body PPs
∆m with m = 0, 1 and ∆m = 0, 2, 4, i.e. corresponding to W 2 (q 2 ) and W 4 (q 2 ) (defined in Eq. S40) with the forms
where η m,∆m are the coefficients of the PPs U m,∆m . We have omitted the isotropic contribution W 0 (q 2 ), which we had showed to be irrelevant.
For demonstration, we shall compute the first few PPs c [2, 1] (m2,m3) where m 3 = 1, 2. For small m 3 , the ground state is already fixed by m 3 , and m 2 is constrained to vanish. Plugging m 2 = m 3 = 0 into Eq. (S42), we simply obtain
384π Ω + 40η 
In the last line, we see that U [2, 1] (0,0) depends mostly on the ∆m = 2 PPs, which can be very large (in fact dominant) in a FCI.
We next illustrate the m 2 = 0, m 3 = 1 case:
≈ − 31.08η 
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normalized by the coefficient of |η 02 | 2 in c 0,0 [2, 1] , where the dynamically modulated part of the 2-body interaction is
which is not necessarily positive definite. This is because η 02 , η 12 and η 22 can be negative or complex if there are relative phase factors. One can choose optimal coefficients between the 2-body PP components to reduce or increase certain 3-body PPs. In an actual modulated interaction with various differing phase factors, we will in general necessarily obtain a number of dynamic PP components with relative complex phases between them. From Eq. S48, we also see that, generically, the effective static 3-body interaction so obtained can be tuned to be attractive in some sectors, and repulsive in others. Although we have only explicitly included the first several anisotropic 2-body PPs, typical FCI interactions have rather long tails of anisotropic PPs which can be larger than the isotropic ones, and hence offer additional degrees of freedom for tuning.
Ultimately, the ground state depends not just on the 3-body effective interaction, but also the residual static 2-body interactions. Also, if the driving frequency scale is lowered to the same order as the interactions, the Magnus expansion breaks down and we obtain significant corrections from additional four-body terms and beyond.
Effect of orientation of 2-body anisotropy
In the description of 2-body anisotropic PPs from Eq. (9) of the main text, one subtle point is that there are, in general, two independent orthogonally oriented PPs for a given pair of m and ∆m. Here, we shall briefly discuss the effect of their relative coefficients, which controls the angular profile of their linear combination:
where qe iθ = q x + iq y . For concreteness, consider modifying W (q) in Eq. S40 to
retaining only the important ∆m = 2 terms. It is not hard to show that all results that follow remain qualitatively the same, up to a prefactor of Im(v * + v − ):
and ditto for the PP coefficients. In Eq. S40, we chose v + = 1 and v − = i, so that Im(v * + v − ) is trivial. Note that despite the seemingly trivial form of this prefactor, tweaking v ± can cause the 3-body interaction to transition from repulsive to attractive or vice versa, albeit uniformly so.
Illustrative examples
Example: PP coefficients for effective interaction on a NN honeycomb lattice
We consider a simple toy example of driven density-density interactions on a (gauge-rotated) honeycomb lattice containing only nearest neighbor (NN) interactions:
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where φ = (φ 1 , φ 2 , φ 3 ) are the phases of the driving modulation on NN bonds 1, 2 and 3, and k 1 , k 2 are momentum components projected to the reciprocal lattice vectors. In general, one can write
where S q ( φ), C q ( φ) are respectively odd and even in the various phase delays φ. Specializing further to the case of φ = (0, Φ, 0) for illustrative purposes, we obtain
which can be directly evaluated.
Example of vanishing 3-body effective PP: single atom per unit cell
Here we explicitly illustrate how a single-component system, e.g., a square lattice of driven density-density interactions, have a vanishing 3-body effective interaction. In this system, the nearest neighbor (NN) interactions are delayed by a phase of φ relative to the next nearest neighbor NNN interactions:
giving rise to
and all other Fourier components zero. For arbitrary momenta p, p , it is easy to see that Im
is even in p and p . Thus, substituting Eq. S56 into Eq. S36, the PP coefficients c (m2,m3) can be explicitly shown to vanish due to symmetry.
IV. NUMERICAL EVIDENCE FOR FLOQUET-ENGINEERED NON-ABELIAN FQH PHASES
In the main text, we have argued that Floquet approach naturally gives rise to 3-body interactions between particles with opposite spins, thus it is useful for stabilizing multicomponent non-Abelian FQH states. To illustrate this, we have considered two examples of FQH states with rather different physical properties: the interlayer Pfaffian state [38, 39] and the 111-permanent state [4, 37] .
The interlayer Pfaffian (iPf) state is a gapped state which occurs at the effective filling factor ν = 2/3. The state has non-Abelian Ising anyon excitations and the same topological order as the well-known Moore-Read state [4] , the candidate for the ground state of a single species of electrons at filling factor ν = 5/2. Additionally, the iPf state also displays spin-charge separation [59] . While the iPf phase has not been experimentally detected, recent theoretical works [60] [61] [62] have investigated the possibility of such a phase in microscopic models of quantum Hall bilayers. In particular, Ref. 60 found that the phase could be stabilized by a variation of U m=0 or U m=1 Haldane pseudopotential (with ∆m = 0), but the physical mechanism giving rise to the desired modification of the interaction was not identified.
The model Hamiltonian of the iPf state [66] is a sum of projectors onto states of three particles with spin S = 3/2 and angular momentum m = 3, as well as angular momenta m = 1 and m = 2 for spin S = 1/2. The latter pseudopotentials can be obtained directly in the Floquet approach, however the spin 3/2 pseudopotential is generally absent. Additionally, the Floquet approach yields two-body pseudopotential corrections, which might change the nature of the ground state. In the main text, we have computed the ground state phase diagram of the Hamiltonian containing three-body interactions with S = 1/2, m = 1 and S = 1/2, m = 2, as well as general two-body interaction PPs U 1 = 1, U 3 and U 5 . The phase diagram was determined on the basis of the overlap between the exact ground state and the iPf wavefunction in a given finite system of N = 10 electrons on the sphere. We have identified a large region corresponding to the iPf phase approximately given by U 3 ≈ 2U 5 , where the overlap is above 90%.
As overlap calculations cannot be meaningfully scaled to the thermodynamic limit, in Fig. S1(a) we support the results in the main text by the finite-size extrapolation of the neutral gap at one of the points inside the iPf phase (U 1 = 1, U 3 = 0.7, U 5 = 0.3). Although finite size effects are visible, the gap extrapolates to a finite value which is of the order O(1), i.e., the same energy scale as that of the interaction potentials. From this we conclude that the gap likely remains finite in the thermodynamic limit. Other indicators like the entanglement spectrum [86] , shown in Fig. S1(b) , provide further support to the iPf phase. We evaluated the entanglement spectrum by defining the partition A to contain 6 electrons in 8 magnetic orbitals (for the total system of 12 electrons and 16 orbitals). The entanglement spectrum further decomposes into blocks corresponding to the total projection of spin in A (we take the largest block corresponding to S A z = 0). Fig. S1(b) shows that the counting of the low-lying entanglement levels (which contain the dominant information about the underlying topological order) is in one-to-one correspondence with the exact iPf entanglement spectrum, suggesting that the ground state is indeed in the iPf phase for the given choice of parameters.
In contrast to gapped topological states, FQH system can also host intriguing gapless phases [17, 63, 64] . These states in many ways resemble their gapped counterparts, e.g., they have elegant bulk wavefunctions which are the ground states of pseudopotential Hamiltonians and obey the usual clustering properties [87] . However, they can display extensive ground state degeneracies [17] or anomalous behavior at the edge of the system [65] . A particularly interesting example of such a state is the "111-permanent" state, introduced in Ref. 4 (see also Ref. 37 ). This state is closely related to the ν = 1 integer quantum Hall ferromagnet -it represents a critical state at the transition to a paramagnet [17] . The associated gapless excitations and extensive degeneracy transparently appears in the one-dimensional ("thin torus") limit of a FQH system [88] .
Despite theoretical interest in the 111-permanent state, its experimental realization has proven difficult because in the absence of three-body interactions between different particles species, the system will be gapped by generic two-body interactions. In the Floquet system, where strong pseudopotential S = 1/2, m = 1 can be directly prepared, we find the 111-permanent state to be stable under a broad range of perturbations by two-body pseudopotentials that roughly obey U 0 ≈ 3U 1 , as shown in the main text. In Fig. S1(c) we perform the finite-size scaling of the neutral gap for the mentioned choice of two-body pseudopotentials. We find the scaling of the gap to be consistent with a gapless state, as expected on the basis of the single-magnon spectrum [37] .
V. FLOQUET 3-BODY TERM ON TRAPPED DIPOLAR MOLECULES IN AN OPTICAL LATTICE
Here, we detail our approach for generating a Floquet 3-body FQH interaction in a 2D array of trapped dipolar molecules on an optical lattice. Our setup is a dynamical generalization of the effectively static setup pioneered in Ref. 40 , in which a fractional Chern insulator (FCI) with almost flat Chern bands and 2-body Hubbard-type interactions is realized for certain choices of Rabi parameters.
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FCI setup
Our setup consists of an array of trapped optically dressed dipolar molecules interacting via a physical dipole-dipole interaction H dd . Acting on these molecular dipoles is an externally applied electric field E, whose importance as a tuning parameter will be apparent later. The physical Hamiltonian of the molecules is given by
where I i ,Ĵ 2 i and d i are the moment of inertia, squared angular momentum operator and dipole moment of molecule i, and R ij the displacement between molecules i and j. Due to the electric field term E · d i in the single-body part of the Hamiltonian H d , the energy eigenstates are no longer exact angular momentum eigenstates. Yet, being adiabatically connected to the true angular momentum eigenstates, they can still be labeled as |J, M , as detailed below.
FIG. S2.
A schematic of the driven cold-atom setup for our Floquet FCI. An electrical field E impinges on the molecular dipoles, which are subject to Rabi parameters that are modulated to produce an effectively driven 2-body interaction at frequency Ω = Ω2 − Ω1.
To capture the effect of optical dressing, we focus on the lowest four eigenstates: |0, 0 , the rovibrational ground state and {|1, ±1 , |1, 0 }, the J = 1 multiplet which becomes degenerate when E = 0. The optical radiation couples these three J = 1 states to a pair of excited states in an "M-scheme" described in Ref. 40 , resulting in an effective two-level system consisting of a "dark" eigenstate | ↑ = s|1, −1 + v|1, 1 + w|1, 0 and the ground state | ↓ = |0, 0 , where Rabi parameters s ∝ Ω 2 Ω 4 , v ∝ Ω 1 Ω 4 and w ∝ Ω 1 Ω 3 depend on the four physical Rabi frequencies Ω 1 , Ω 2 , Ω 3 , Ω 4 defining the M-scheme. By expressing the dipole operators in H dd in terms of (pseudo)spin-flip operators a
